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a b s t r a c t
In this paper, Shooting Type Laplace–Adomian Decomposition Algorithm (STLADA), is
applied to some boundary value problems with one of the boundary conditions at infinity.
The analytic solution obtained by using this method converges rapidly, highly effective in
terms of accuracy and very close to the exact solution. The solution is compared with the
existing results. Shooting Type Laplace–Adomian Decomposition Algorithm is an efficient
method for solving these types of problems occurring especially in fluid mechanics.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Exact solutions of Navier–Stokes equations are important and are very rare to obtain. We consider some boundary value
problems with one boundary condition at infinity. Shooting Type Laplace–Adomian Decomposition Algorithm (STLADA)
is applied, the condition at infinity is to be used to evaluate the assumed constant. Since the analytic solution obtained
through STLADA is a power series in the independent variable, the condition at infinity cannot be directly applied. Hence
the use of Padé approximant [1] is resorted to, which is a rational approximation to the given power series. We consider
(n/n) diagonal Padé sequences either directly applied to the power series solution obtained from STLADA or the series
obtained by taking Laplace transform of the original series and applying final value theorem for Laplace transform. The
convergence is very fast for a lower number of approximations. STLADA can be either applied directly or converting the
nonlinear differential equation into nonlinear integro-differential equations. Shooting Type Adomian Method (STAM) [2,3]
is applied to the nonlinear integro-differential equations. When we consider the flow situation in an unbounded medium,
similarity variable technique reduces the Navier–Stokes equations to a set of nonlinear boundary value problems. Usually
these boundary value problems contain some conditions at infinity. The application of STLADA to such boundary value
problems is considered here. A class of third order nonlinear boundary value problem is consideredwith boundary condition
at infinity.
In the present paper, STLADA is used to solve the hydromagnetic flow over a stretching sheet [4,2,3] and plane stagnation
point flow (Hiemenz flow) [4–9,2,3]. The agreementwith the existing results [2,3]was found to be quite good in all the cases.
STLADA is the method developed by the authors with the motivation obtained from the work [2,3] and [10]. This method
can be used to find the solution of a very large number of nonlinear differential/integral/integro-differential equations with
different types of nonlinearities. STLADA can also be used for solving a system of nonlinear integro-differential equations.
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2. Analysis of shooting type Laplace–Adomian decomposition algorithm to the general problem
Consider the boundary value problem,
f ′′′ + aff ′′ + b− cf ′2 + d− gf ′ = 0 (2.1)
with f (0) = α, f ′(0) = β, f ′(∞) = γ (2.2)
where a, b, c, d, g, α, β and γ are given constants. Taking Laplace transform on both sides in (2.1) and applying the
conditions in (2.2), we get
L(f ) = αs
2 + βs− αg + p
s3 − gs +
b+ d
s(s3 − gs) −
a
s3 − gs L(ff
′′)+ c
s3 − gs L(f
′2) (2.3)
where f ′′(0) = p, a constant to be determined.
Let
f (µ) =
∞−
n=0
fn(µ)
be the solution of (2.3) and the nonlinear terms ff ′′ and f ′2 can be decomposed into Adomian polynomials [11–14] as An’s
and Bn’s. That is,
F(f ) = f ′2 =
∞−
n=0
An and
G(f ) = ff ′′ =
∞−
n=0
Bn.
First few Adomian polynomials of these nonlinear terms are A0 = u′20 , A1 = 2u′0u′1, A2 = u′21 + 2u′0u′2, A3 = 2u′0u′3 + 2u′1u′2,
A4 = u′22 +2u′0u′4+2u′1u′3 and so on, andB0 = u0u′′0 ,B1 = u1u′′0+u0u′′1 ,B2 = u0u′′2+u2u′′0+u1u′′1 ,B3 = u0u′′3+u1u′′2+u2u′′1+u3u′′0 ,
B4 = u0u′′4 + u1u′′3 + u2u′′2 + u3u′′1 + u4u′′0 and so on.
On the substitution of the assumed solution and Adomian polynomials in (2.3), using the iterative algorithm yields
L(f0) = αs
2 + βs− αg + p
s3 − gs +
b+ d
s(s3 − gs) (2.4)
L(f1) = − as3 − gs L(B0)+
c
s3 − gs L(A0) (2.5)
L(f2) = − as3 − gs L(B1)+
c
s3 − gs L(A1) (2.6)
L(f3) = − as3 − gs L(B2)+
c
s3 − gs L(A2) (2.7)
L(f4) = − as3 − gs L(B3)+
c
s3 − gs L(A3) (2.8)
and so on. From (2.4), we get the initial term f0, using inverse Laplace transform. Using the initial term f0, we can find the
successive terms.
Hence the approximate analytic solution is
f = f0 + f1 + f2 + · · · . (2.9)
3. Applications of the general boundary value problem
3.1. Application (i)
Hydromagnetic flow over a stretching sheet
Consider the steady two-dimensional flowof an electrically conducting incompressible fluid past a porouswall coinciding
with the plane y = 0, the flow being confined to y > 0. Two equal and opposite forces are introduced along the x-axis so
that the wall is stretched keeping the origin fixed and a uniform magnetic fieldM0 imposed along the y-axis. It is assumed
that the magnetic Reynolds number is small enough so that the induced magnetic field can be neglected [15,16]. It is also
assumed that the external electric field due to polarization of charges is negligible.
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Under the above assumptions become redundant and the boundary layer equation is
u
∂u
∂x
+ v ∂u
∂y
= ν ∂
2u
∂x2
− σM
2
0
ρ
u (3.1)
together with the equation of continuity,
∂u
∂x
+ ∂v
∂y
= 0. (3.2)
Here x is the co-ordinate along the porous wall, y is the co-ordinate normal to the wall, u is the x-component of the fluid
velocity, v is the y-component of the fluid velocity, ρ is the fluid density, ν is the kinematic viscosity and σ is the electrical
conductivity. Let us introduce,
u = Cxf ′(µ), v = −(νC) 12 f (µ), η =

C
ν
 1
2
y (3.3)
where u = Cx represents the velocity of the wall with C > 0 and a prime denotes differentiation. Substitution of (3.3) in
(3.1) gives
f ′′′ − f ′2 + ff ′′ −

σM20
Cρ

f ′ = 0 (3.4)
subject to the boundary conditions
f (0) = ν0
(νC)
1
2
, f ′(0) = 1 and f ′(∞) = 0 (3.5)
where v0 denotes the suction velocity at the wall, the fluid being rest at infinity. This problem has the exact solution
f (µ) = A− 1
N
(1− eNµ) where N = 1
2
[−A±

A2 + 4(1+ g)] and A = ν0
(νC)
1
2
= f (0).
Here ν is the wall distance parameter.
From the general problem,
a = 1, c = 1, g = σM
2
0
Cρ
, b = d = 0, α = A = ν0
(νC)
1
2
, β = 1 and γ = 0.
Taking Laplace transform on both sides of (3.4) and applying the conditions in (3.5), we get as in the general case
L(f (µ)) = As
2 + s− Ag + p
s3 − gs +
1
s3 − gs L(f
′2)− 1
s3 − gs L(ff
′′)
where f ′′(0) = p. Using Adomian polynomials, the iterative algorithm yields
L(f0) = As
2 + s− Ag + p
s3 − gs (3.6)
L(f1) = 1s3 − gs L(A0)−
1
s3 − gs L(B0) (3.7)
L(f2) = 1s3 − gs L(A1)−
1
s3 − gs L(B1) (3.8)
L(f3) = 1s3 − gs L(A2)−
1
s3 − gs L(B2) (3.9)
and so on. The approximate analytic solution at the third iteration scheme is
f (µ) = A+ µ+ 1
2!pµ
2 + 1
3! (1+ g − Ap)µ
3 + 1
4! (p+ pg − A− Ag + A
2p)µ4
+ 1
5! (A
2g + g + g2 − A3p− 2Apg − Ap+ A2 + p2)µ5 + 1
6! (A− Ag − 2Ag
2 − 3Ap2 + 2pg + pg2
+ 3A2pg − A3g + p)µ6 + 1
7! (2+ g
3 − 3Apg2 + 2p2g − p2 + 2g − 4Apg − 4Ap− 4A3pg
+ g2 + 4A2g2 + 6A2p2)µ7 + 1
8! (6Ap
2 + 2p+ pg3 + 4A2pg − 4A3g2 − Ag2 + 3pg2 + 4pg − p3 + 6A2g2p
− 8Ag − 8Ap2g − 3Ag3)µ8 + 1
9! (9p
2 − 3p2g − 2g − 2A2g2 + 9Ap3 + 6A2g3 − 4Apg3 + 20A2p2g + g3
− 10A3pg2 − 24Apg + g4 + 6g2 + 3p2g2 − 9Apg2)µ9 + · · · .
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Then
f ′(µ) = 1+ pµ + 1
2! (1+ g − Ap)µ
2 + 1
3! (p+ pg − A− Ag
+ A2p)µ3 + 1
4! (A
2g + g + g2 − A3p− 2Apg − Ap+ A2 + p2)µ4 + 1
5! (A− Ag − 2Ag
2 − 3Ap2
+ 2pg + pg2 + 3A2pg − A3g + p)µ5 + 1
6! (2+ g
3 − 3Apg2 + 2p2g − p2 + 2g − 4Apg − 4Ap− 4A3pg
+ g2 + 4A2g2 + 6A2p2)µ6 + 1
7! (6Ap
2 + 2p+ pg3 + 4A2pg − 4A3g2 − Ag2 + 3pg2 + 4pg − p3
+ 6A2g2p− 8Ag − 8Ap2g − 3Ag3)µ7 + 1
8! (9p
2 − 3p2g − 2g − 2A2g2 + 9Ap3 + 6A2g3 − 4Apg3 + 20A2p2g
+ g3 − 10A3pg2 − 24Apg + g4 + 6g2 + 3p2g2 − 9Apg2)µ8 + · · · .
Theorem 3.1 ([17]). If the function f (t) is bounded for all t > 0: |f (t)| < M and the limt→∞ f (t) = f (∞) exists, then
lims→0 sf (s) = f (∞), wheref (s) = L(f (t)), Laplace transform of the function f (t).
Either using (n/n) diagonal Padé sequences or using the final value theorem3.1 for Laplace transform to f ′(µ), we get the
value of the unknown parameter p. Physically meaningful values of f are obtained while using these methods. Substituting
this value of p in the expression obtained for f we obtain the exact solution.
3.2. Application (ii)
Plane Stagnation point flow
Consider the two-dimensional steady incompressible plane potential flowwhich arrives from the y-axis and impinges on
a flat wall placed at y = 0, divides into two streams on thewall and leaves in both directions. The viscous flow adheres to the
wall whereas the potential flow slides along it. The velocity distribution in frictionless potential flow in the neighborhood
of the stagnation point at x = y = 0 is given by u = ax; v = −aywhere a denotes a constant. In potential flow, the pressure
is given by Bernoulli’s equation. If P0 denotes the stagnation pressure, P is the pressure at an arbitrary point, we have in
potential flow,
P0 − P = 12ρ(u
2 + v2) = 1
2
ρa2(x2 + y2).
The Navier–Stokes equations are given by
u
∂u
∂x
+ v ∂u
∂y
= − 1
ρ
∂P
∂x
+ ν
[
∂2u
∂x2
+ ∂
2u
∂y2
]
(3.10)
u
∂v
∂x
+ v ∂v
∂y
= − 1
ρ
∂P
∂y
+ ν
[
∂2ν
∂x2
+ ∂
2ν
∂y2
]
(3.11)
together with the equation of continuity,
∂u
∂x
+ ∂v
∂y
= 0. (3.12)
For viscous flow, we make the assumptions
u = xf ′(y); v = −f (y) and P0 − P = 12ρa
2(x2 + F(y)).
In this way the Eq. (3.12) is satisfied identically and the Eqs. (3.10) and (3.11) reduce to
f ′2 − ff ′′ = a2 + νf ′′′ (3.13)
and
ff ′ = 1
2
a2F ′ − νf ′′ (3.14)
with the boundary conditions
f (0) = f ′(0) = 0 and f ′(∞) = a. (3.15)
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These conditions are obtained from u = v = 0 at the wall; where y = 0 and P = P0 at the stagnation point as well as
from u = ax at a large distance from the wall.
Sincewe are interested only in a boundary value problemwith a condition at infinity and the first equation is independent
of F , we consider only the first equation.
Applying the following transformation, η = ( a
ν
)
1
2 y, f (y) = √aνφ(η)where η is the wall distance parameter.
We obtain the equation
φ′′′ + φφ′′ − φ′2 + 1 = 0 (3.16)
with boundary conditions
φ(0) = 0, φ′(0) = 0 and φ′(∞) = 1. (3.17)
As in the general case, the iterative scheme becomes
L(φ0) = 1s3 −
1
s4
(3.18)
L(φ1) = 1s3 L(A0)−
1
s3
L(B0) (3.19)
L(φ2) = 1s3 L(A1)−
1
s3
L(B1) (3.20)
L(φ3) = 1s3 L(A2)−
1
s3
L(B2) (3.21)
L(φ4) = 1s3 L(A3)−
1
s3
L(B3) (3.22)
and so on. From these equations, we obtain the successive terms as
φ0 = 12pµ
2 − 1
6
µ3
φ1 = 1120p
2µ5 − 1
360
pµ6 + 1
2520
µ7
φ2 = − 140320p
3µ8 + 1
90720
p2µ9 − 1
226800
pµ10 + 1
2494800
µ11
φ3 = 11478400p
4µ11 − 181
479001600
p3µ12 + 1
7413120
p2µ13 − 19
778377600
pµ14 + 19
11675664000
µ15
and so on. Hence the approximate analytic solution is
f (µ) = 1
2
pµ2 − 1
6
µ3 + 1
120
p2µ5 − 1
360
pµ6 + 1
2520
µ7 − 1
40320
p3µ8 + 1
90720
p2µ9 − 1
226800
pµ10
+ 1
2494800
µ11 + 1
1478400
p4µ11 − 181
479001600
p3µ12 + 1
7413120
p2µ13
− 19
778377600
pµ14 + 19
11675664000
µ15 − · · · (3.23)
which is same as the solution obtained in Shooting Type Adomian Method (STAM) [2,3].
To find the unknown parameter p, we apply the boundary condition at infinity. Since the obtained solution is a power
series, we cannot directly apply that condition. Hence we can use Padé approximant to f ′(µ) in the following two ways.
From (3.23),
f ′(µ) = pµ − 1
2
µ2 + 1
24
p2µ4 − 1
60
pµ5 + 1
360
µ6 − 1
5040
p3µ7 + 1
10080
p2µ8 − 1
22680
pµ9 + 1
226800
µ10
+ 1
134400
p4µ10 − 181
39916800
p3µ11 + 1
570240
p2µ12 − 19
55598400
pµ13 + 19
778377600
µ14 − · · · . (3.24)
In the first way, we apply Padé approximant directly to f ′(µ).
Let
f ′(µ) = C0 + C1µ
1+ C2µ (3.25)
be rational approximation [(1/1) Padé] to the power series (3.24) with C0, C1, C2 are constants to be determined.
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As µ→∞, the boundary condition f ′ → 1, from (3.24) yields
C1 = C2. (3.26)
Equating (3.24) with the expansion of (3.25), we get the following system of nonlinear algebraic equations;
C0 = 0, C1 − C0C2 = 0, C0C22 − C1C2 = −12 . (3.27)
Solving these equations, we obtain the value of the parameter p as±0.7071067810.
Let
f ′(µ) = B0 + B1µ+ B2µ
2
1+ B3 µ+ B4µ2 (3.28)
be a rational approximation [(2/2) Padé] to the power series (3.24) with Bi; i = 0, 1, 2, 3, 4 are the constants to be
determined. As µ→∞, the boundary condition f ′ → 1 in (3.28) yields
B2 = B4. (3.29)
As in the above case, we get a system of nonlinear algebraic equations,
B0 = 0, B1 − B0B3 = p, B2 − B0B4 − B1B3 + B0B32 = −12 ,
2B0B3B4 − B1B4 − B2B3 − B0B33 + B1B32 = 0,
2B1B3B4 + B2B32 − B2B4 + B0B42 − 3B0B32B4 − B1B33 + B0B34 = 124p
2.
Solving these system of equations, we get the value of the parameter p as±1.414213562. Clearly (3/3) approximant does
not exist. Proceeding as in the previous case, (4/4) Padé approximant yields the value of p as±1.196243698.
In the secondway, the values of p is obtained by applying final value theorem for Laplace transform. Applying Theorem3.1
to f ′(µ), we first find, L(f ′(µ)) =f (s) and multiplying it with s, we get
sf (s) = p
s
− 1
s2
+ p
2
s4
− 2p
s5
+ 2
s6
− p
3
s7
+ 4p
2
s8
− 16p
s9
+ 10
s10
+ 27p
4
s10
− 181p
3
s11
+ 840p
2
s12
− 2128p
s13
+ 2128
s14
− · · · .
The (1/1) Padé approximant for this function is (1/1)sL(f ′(µ)) = sf (s) = P0+ 1s P1
1+ 1s P2
; P0, P1, P2 are constants to be determined.
Using Theorem 3.1, the condition f ′(∞) = 0 leads to the condition lims→0 sf (s) = 0. Applying this condition to the
corresponding Padé approximant, we get p = ±1. Applying the condition to the (2/2) and (4/4) Padé approximant of
sf (s), we get the value of p respectively as ±1.2720196 and ±1.23258. In this case also (3/3) Padé approximant does not
exist. The exact value of φ′′(0) = p is +1.2326 [7,9]. Hence we find that, in the first case the convergence is slow, in the
second case we obtain the result very quickly.
4. Conclusion
In the present paper, we introduced a novel technique of handling the boundary condition at infinity. This technique is a
combination of Shooting Type Laplace–Adomian Decomposition Algorithm and Padé approximation. Here we applied it to
a hydromagnetic flow over a stretching sheet and plane stagnation point flow. The results of the two problems are found
to be in good agreement with the existing results. The general problem discussed in this paper can be used to solve other
nonlinear ordinary differential equations occurring in boundary layer theory and other fields, whenever the existence of
diagonal Padé approximants are ensured. Computations are performed using Maple.
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